The Weil-Petersson geometry of the five-times punctured sphere by Aramayona, Javier
ar
X
iv
:m
at
h/
05
01
55
2v
2 
 [m
ath
.D
G]
  1
2 A
pr
 20
05
The Weil-Petersson geometry of the five-times punctured sphere
Javier Aramayona
May 2004 (Revised, February 2005)
Abstract
We give a new proof that the completion of the Weil-Petersson metric on Teichmu¨ller space
is Gromov-hyperbolic if the surface is a five-times punctured sphere or a twice-punctured torus.
Our methods make use of the synthetic geometry of the Weil-Petersson metric.
1 Introduction
The large scale geometry of Teichmu¨ller space has been a very important tool in different aspects
of the theory of hyperbolic 3-manifolds. Within this context, a natural question to ask is whether
Teichmu¨ller space, with a given metric, is hyperbolic in the sense of Gromov (or Gromov hyperbolic,
for short). In general, the answer is negative. In their paper [BrFa], the authors prove the following:
if Σ is a surface of genus g and with p punctures, with 3g−3+p > 2, then the Teichmu¨ller space of Σ,
endowed with theWeil-Petersson metric, is not Gromov hyperbolic. In the case when 3g−3+p = 2
(that is, when the surface is a sphere with five punctures or a twice-punctured torus) they show
that the Weil-Petersson Teichmu¨ller space is Gromov hyperbolic. The proof makes reference to very
deep results by Masur and Minsky on the Gromov hyperbolicity of the curve complex. The aim of
this paper if to give a direct proof of the Gromov hyperbolicity of the Weil-Petersson Teichmu¨ller
space in the case 3g − 3 + p = 2.
The objective of this article is to show the following result:
Theorem 1 If Σ is the five-times punctured sphere or the twice punctured torus, then T WP (Σ) is
Gromov hyperbolic.
Brock [Br] showed that, for every hyperbolic surface S, T WP (Σ) is quasiisometric to the pants
complex (see [Br] for definitions) CP (Σ) of the surface Σ. Since Gromov hyperbolicity is a quasi-
isometry invariant, we get the following result:
Corollary 2 If Σ is the five-times punctured sphere or the twice punctured torus, then the pants
complex CP (Σ) of Σ is Gromov hyperbolic.
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Remark. Behrstock [Be] has given a direct proof of this last result, using the combinatorial
structure of the pants complex.
Let Σ be a hyperbolic surface of genus g and with p punctures and let T (Σ) be the Teichmu¨ller
space of Σ. The Weil-Petersson metric on T (Σ) is a non-complete metric of negative sectional
curvature.
Remark. We note that Theorem 1 cannot be obtained as a consequence of the negative sectional
curvatures of the Weil-Petersson metric, since these curvatures have been shown (see [Hu]) not to
be bounded away from zero.
Let TWP (Σ) denote the Teichmu¨ller space of Σ endowed with the Weil-Petersson metric. The
metric completion T WP (Σ) of TWP (Σ) is the augmented Teichmu¨ller space (see [Ma]), i.e. the set
of marked metric structures on Σ with nodes on a (possibly empty) collection of different homotopy
classes of essential simple closed curves on Σ . Here, a curve is essential if it is not null-homotopic
nor homotopic to a puncture. From now on we will refer to a homotopy class of essential simple
closed curves on Σ simply as a curve, unless otherwise stated.
Let C = C(Σ) be the curve complex of Σ, as defined in [Har]. Recall that this is a finite-
dimensional simplicial complex whose vertices correspond to (homotopy classes of non-trivial, non-
peripheral) curves on Σ, and that a subset A ⊆ V (C) spans a simplex in C if the elements of A can
be realised disjointly on Σ. Note that inclusion determines a partial order on the set of simplices
of C. Following [Wo], we can define a map Λ : T WP (Σ) → C ∪ {∅} that assigns, to a point in
u ∈ T WP (Σ), the (possibly empty) collection of different curves on Σ on which u has nodes. The
space T WP (Σ) is the union of the level sets of Λ. Then, T WP (Σ) has the structure of a stratified
space, where the level sets of Λ are the strata (observe that Λ−1({∅}) = TWP (Σ) and that two strata
intersect over a stratum if at all). We will refer to Λ−1(Λ(u)) as the stratum containing u and we
will say that it has label Λ(u). The strata of T WP (Σ) are isometric embeddings of products of
lower dimensional Teichmu¨ller spaces (which come from subsurfaces of Σ) with their corresponding
Weil-Petersson metric. It is clear that the stratum with label a collection of curves that determine
a pants decomposition on Σ consists of only one point in T WP (Σ). Let Mod(Σ) be the mapping
class group of Σ, i.e. the group of self-homeomorphisms of Σ up to homotopy. It is known (see
[Ab]) that Mod(Σ) acts cocompactly on T WP (Σ). The space T WP (Σ) is not locally compact: a
point in T WP (Σ) \TWP (Σ) does not admit a relatively compact neighbourhood. Indeed, let u be a
point in T WP (Σ)\TWP (Σ), which corresponds to a surface with a nodes on the simple closed curve
α (and possibly more), and consider the Dehn twist Tα along α. Then the Tα orbit of any point
lies in every neighbourhood of u (see [Wo]). Nevertheless, individual strata are locally compact,
since they are (products of) lower dimensional Teichmu¨ller spaces.
The following result summarises some deep and remarkable facts about the geometry of the
Weil-Petersson metric on Teichmu¨ller space (see below for the relevant definitions). Part (i) is due
to S. Yamada [Ya]; (ii) is due to Wolpert [Wo] and (iii) is due to Daskalopoulos and Wentworth
[DW]. Let us note that all these results rely on previous work by Wolpert on the Weil-Petersson
metric.
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Theorem 3 ([DW], [Wo], [Ya]) Let Σ be a surface of hyperbolic type and let T WP (Σ) be the
completion of the Weil-Petersson metric on TWP (Σ). Then,
1. The space T WP (Σ) is a CAT(0) space.
2. The closure of a stratum in T WP (Σ) is convex and complete in the induced metric.
3. The open geodesic segment [u, v]\{u, v} from u to v lies in the stratum with label Λ(u)∩Λ(v).
Let X0 be the Teichmu¨ller space of the five-times punctured sphere Σ0,5 endowed with the
Weil-Petersson metric and let X be its metric completion. We will write XF = X \X0. Since a
pants decomposition of Σ0,5 corresponds to two disjoint curves on Σ0,5, we get that a stratum in
X has label α or αβ, where α and β are disjoint curves on Σ0,5. The closure of a stratum of the
type Sα is given by Sα = Sα ∪ (
⋃
β∈B Sαβ), where B is the set of curves that are disjoint from α.
We observe that any curve α separates Σ0,5 into two subsurfaces, namely a four-times punctured
sphere and a three-times punctured sphere. Then Sα corresponds to the Teichmu¨ller space of the
four-times punctured sphere, since the Teichmu¨ller space of the other subsurface is trivial. Also,
recall that a stratum of the form Sαβ is a single point in X.
We prove Theorem 1 in the case where the surface is a sphere with five punctures. Using the
techniques from Sections 2 and 3 we immediately get the result for the twice-punctured torus.
The only difference between the two cases is the nature of the strata in TWP (Σ) which arise from
pinching a single curve on the surface. In the first case, these strata correspond to the Teichmu¨ller
space of a four-times punctured sphere; in the second, they correspond either to the Teichmu¨ller
space of a four-times punctured sphere or to the Teichmu¨ller space of a once-punctured torus,
depending on whether the curve giving rise to such a stratum separates the surface. In both cases,
TWP (Σ) has the same structure (as a stratified space).
Acknowledgements. I would like to thank Brian Bowditch for introducing me to the problem and
for the interesting conversations we had about the topic. I would also like to thank the referee for
his/her useful comments.
2 Preliminaries
In order to give a proof of Theorem 1 we will have to make use of some geometric properties of
CAT(0) spaces.
Let us begin by recalling the definition of a CAT(0) space. Let Y be a geodesic metric space, that
is, a space in which every two points in the space can be connected by a path which realises their
distance; such a path is called a geodesic between the two points. By a triangle in Y we will mean
three points x1, x2, x3 ∈ Y , the vertices of T , and three geodesics connecting them pairwise. We
will write [xi, xj ] for the geodesic side of T with endpoints xi and xj. Throughout this article we
will denote the euclidean plane by E2 and the euclidean distance in E2 by de.
Definition. Let Y be a geodesic metric space and let T be triangle in Y with vertices x1, x2, x3.
A comparison triangle for T in E2 is a geodesic triangle in E2 with vertices x1, x2 and x3 such that
3
d(xi, xj) = de(xi, xj) for all i, j = 1, 2, 3. Given a point p ∈ [xi, xj ], for some i, j = 1, 2, 3 distinct, a
comparison point p for pis a point p ∈ [xi, xj] such that d(xi, p) = de(xi, p and d(xj , p) = de(xj, p.
Definition. We say that the triangle T satisfies the CAT(0) inequality if for any points p ∈ [xi, xj ]
and q ∈ [xj , xk], for i, j, k = 1, 2, 3 distinct, we have that d(p, q) ≤ de(p, q), where p and q are
comparison points for p and q, respectively, in the comparison triangle T for T . We will say that
the space X is a CAT(0) space if every triangle in X satisfies a CAT(0) inequality.
The next three results about CAT(0) spaces are well-known; they will be crucial in our main
argument. For a proof see, for instance [BriHa].
Theorem 4 If Y is a CAT(0) space, then the distance function on Y is convex along geodesics,
that is, if σ, σ′ : [0, 1]→ Y are geodesics in Y parametrised proportional to arc-length, then
d(σ(t), σ′(t)) ≤ td(σ(0), σ′(0)) + (1− t)d(σ(1), σ′(1)),
for all t ∈ [0, 1].
Corollary 5 Every CAT(0) space is uniquely geodesic.
Theorem 6 Let Y be a CAT(0) space and let C be a complete convex subset of Y . Given x ∈ Y
there exists a point π(x) ∈ C such that d(x, π(x)) = infc∈Cd(x, c). Moreover, the map π : Y → C
is distance non-increasing, that is, for all x, y ∈ Y we have that d(x, y) ≤ dC(π(x), π(y)), where dC
denotes the subspace metric.
When interested in the large-scale geometry of a CAT(0) space, a natural question to ask is
what are the obstructions for such a space to be Gromov hyperbolic. An answer to this question was
given by Bowditch [Bo] and Bridson [Bri] separately, generalising a result announced by Gromov.
They showed the following.
Theorem 7 ([Bo], [Bri]) Let Y be complete, locally compact CAT(0) space which admits a co-
compact isometric group action. Then, either Y is Gromov hyperbolic or else it contains a totally
geodesic embedding of a eulidean plane.
Let X be the completion of the Weil-Petersson metric on the Teichmu¨ller space of the five-
times punctured sphere. We are going to show, using some of the techniques in [Bo], that if X is
not Gromov hyperbolic then there exists an isometrically embedded euclidean disc in one of the
strata of X, which is impossible since all the sectional curvatures of X are strictly negative. More
specifically, we are going to construct, for each n ∈ N, a map φn : D → X, where D is the unit
disc in E2, such that
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λnde(x, y) ≤ d(φn(x), φn(y)) ≤ de(x, y),
for all x, y ∈ D , and where λn ∈ (0, 1) with λn → 1 as n → ∞. If the space X were locally
compact, one could take the limit of phin as n tends to infinity, obtaining in this way an isometric
embedding of the euclidean unit disc in X. Even though X is not locally compact, we are able to
use the structure of X as a stratified space and the fact that individual strata are locally compact to
obtain such an isometrically embedded disc. We note that we will not use the cocompact isometric
action of the mapping class group on X to construct these maps; this action will only be used in
the arguments in the next section. The construction of the maps φn is totally analogous to the one
in [Bo], where Bowditch shows the following result (we remark that the results in [Bo] are more
general than the ones we present here).
Lemma 8 ([Bo]) Let Y be a CAT(0) space. Given n ∈ N and ǫ > 0, there exists a map φn,ǫ :
([−n, n] ∩ Z)2 → Y such that
| i− i′ | −ǫ ≤ d(φn,ǫ(i, j), φn,ǫ(i
′, j)) ≤| i− i′ | (1)
and
| j − j′ | −ǫ ≤ d(φn,ǫ(i, j), φn,ǫ(i, j
′)) ≤| j − j′ | (2)
Remark. For the sake of completeness, we now give a brief account on Bowditch’s construction.
Let n ∈ N and ǫ > 0 and let q ne a natural number bigger than 2n2/overǫ. Let σ : [0, qn] → Y
be a geodesic segment in Y and let y be a point in Y at distance at least n from α. Let τi :
[0, d(y, σ(i)] → Y be the uniue geodesic from y to σ(i), for all i ∈ [0, qn] ∩N. Bowditch then sets,
for all i, j = 0, dots, n and for all p = 0, . . . , q − 1, phip(i, j) = τpn+i(j) and shows that there exists
a number p = 0, . . . n− 1 satisfying (1) and (2).
Bowditch then shows that if the space Y is, in addition, not Gromov hyperbolic then the maps
φn satisfy the following non-degeneracy condition.
Lemma 9 Let Y be a CAT(0) space and suppose Y is not Gromov hyperbolic. Then the maps φn
in the result above satisfy, in addition, that
d(φn,ǫ(i, j), φn,ǫ(i+ 1, j + 1)) ≥ 1/2 (3)
and
d(φn,ǫ(i, j + 1), φn,ǫ(i+ 1, j)) ≥ 1/2 (4)
for all n ∈ N.
We now give an extension, using standard arguments about CAT(0) spaces, to Bowditch’s
construction. It will play a central role in the proof of Theorem 1.
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Lemma 10 Let Y be a CAT(0) space and suppose that Y is not Gromov hyperbolic. Fix a number
N ∈ N and consider K = [−N,N ] × [−N,N ] ⊆ R2, endowed with the euclidean metric. Then
there exists a sequence (φn)n∈N of maps φn : K → Y such that
λnde(x, y) ≤ d(φn(x), φn(y)) ≤ de(x, y),
where λn ∈ (0, 1) for all n ∈ N and λn → 1 as n→∞.
Proof Let (ǫn)n∈N be a sequence of positive real numbers tending to zero and let φn = φn,ǫn be
the map described above. First, we are going to extend the map φn to K as follows:
Let σn : [0, 1] → Y be the unique geodesic segment in Y from φn(0, 0) to φn(1, 0). Similarly, let
σ′n : [0, 1] → Y be the geodesic segment in Y from φn(0, 1) to φn(1, 1). Here, and from now on,
we assume that all the geodesics are parametrised proportional to arc-length. For t ∈ [0, 1], let
τnt : [0, 1]→ Y be the unique geodesic in Y connecting σ(t) and σ
′(t). We set φn(t, s) := τ
n
t (s), for all
t, s ∈ [0, 1]. We can extend φn toK by performing this construction on each square [i, i+1]×[j, j+1]
for all i, j ∈ [−N,N ] ∩Z, provided n is large enough so that φn is defined on the shole of K. Note
that, up to extracting a subsequence, we can assume that this is the case.
Since the distance function on Y (Theorem 4) is convex along geodesics we get, from inequality
(2), that
d(φn(t, j), φn(t, j + 1)) ≤ 1,
for all t ∈ [−N,N ], j ∈ [−N,N ] ∩ Z and n ∈ N. The convexity of the distance function on
Y yields that the real function [t → d(φn(t, j), φn(t, j + 1))] tends, as n grows, to a real function
which is convex (and also bounded, from (2)). But a real function which is convex and bounded
must be constant and therefore d(φn(t, j), φn(t, j + 1)→ 1 as n→∞, from (1).
Note that, from (2) and the properties of the extension φn to K, we can deduce that the images
of a vertical segment of the form {i} × [−N,N ] under φn, where i ∈ [−N,N ] ∩ Z, get arbitrarily
close to being geodesic in Y as m grows; by this we mean that the Hausdorff distance between
φn({i} × [−N,N ]) and the unique geodesic in Y with the same endpoints tends to 0 as n tends to
infinity. By a totally analogous convexity argument we obtain that the images of any two vertical
lines in K under φn get arbitrarily close to being parallel geodesics as n → ∞. Note that this
implies that, up to taking a subsequence, the maps φn are injective on K.
Let 0 ≤ t, t′, s, s′ ≤ 1. Again from the convexity of the distance function we obtain that
d(τnt (s), τ
n
t′ (s)) ≤ sd(τ
n
t (0), τ
n
t′ (0)) + (1− s)d(τ
n
t (1), τ
n
t′ (1))
= sd(σn(t), σn(t
′)) + (1− s)d(σ′n(t), σ
′
n(t
′))
= | t− t′ | .
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From this inequality and the fact that τnt : [0, 1] → Y is a geodesic paremetrised proprotional to
arc length for every t ∈ [0, 1], we deduce that
d(φn(t, s), φn(t
′, s′)) = d(τnt (s), τ
n
t′ (s
′))
= d(τnt (s), τ
n
t (s
′)) + d(τnt (s
′), τnt′ (s
′))
≤ | s− s′ | + | t− t′ | ,
and thus φn is continuous on K for all n ∈ N.
Recall that the images of vertical lines in K under the maps φn get arbitrarily close to being
parallel geodesis in Y as n grows. Consider now a horizontal line [−N,N ] × {s0} in K and let
ρn : [0, 1] → Y be the geodesic in Y between φn(0, s0) and φn(1, s0). We know, from the dis-
cussion above, that d(σn(t), σ
′
n(t)) → 1 as n → ∞ for all t ∈ [0, 1]. From the convexity of the
distance function we get that d(σn(t), ρn(t)) → s0 and d(σ
′
n(t), ρn(t)) → 1 − s0 as n → ∞. But
d(φn(t, s0), σn(t)) → s0 and d(φn(t, s0), σ
′
n(t)) → 1− s0 as n → ∞, since [s → φn(t, s)] is geodesic
for a fixed t ∈ [0, 1]. Thus the images of a horizontal line in K under φn are paths that get arbi-
trarily close to being geodesics n→∞. By a similar argument we get that the same holds for the
images of a horizontal line in K under φn.
Let dn be the pull-back metric on K determined by φn. Since dn((−N,−N), (N,N)) is bounded
above and below (note that, in particular, it is bounded below away from 0, from (1)) we can assume
that dn((−N,−N), (N,N)) → a > 0, up to extracting a subsequence. Also recall, from inequalities
(1) and (2), that dn((−N,−N), (−N,N)) → 2N and dn((−N,−N), (N,−N))→ 2N as n→∞.
Let f : R2 → R2 be an affine map such that f(t, 0) = (t, 0), for all t ∈ R, and de(f(−N,−N), f(N,N)) =
a. By considering φn ◦ f
−1, which we denote again by φn abusing notation, we deduce that the
maps φn, restricted to K, satisfy that
de(x, y)− ǫn ≤ d(φn(x), φn(y)) ≤ de(x, y),
for all x, y ∈ K. Consider the restriction of φn to the unit disc D in R
2. It follows immediately
from the last inequality that there exists a sequence (λn)n∈N of real numbers, with λn = λn(ǫn)
and λn ∈ (0, 1), such that
λnde(x, y) ≤ d(φn(x), φn(y)) ≤ de(x, y),
as desired. ♦
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3 Proof of the Theorem
Let us begin with some technical results that will be important to prove Theorem 1.
Remark. Let Σ be a hyperbolic surface. In [Wo], Corollary 21, Wolpert shows that for a stratum
S defined by the vanishing of the length sum l = l1 + . . . ln, where li corresponds to the length
of some curve αi on the surface for i = 1, . . . , n, the distance to the stratum is given locally as
d(p, S) = (2πl)1/2 +O(l2). In particular, if (um)m∈N is a sequence in X such that d(um, S)→ 0 as
m→∞ we get that lum(αi)→ 0 as m→∞, for all i = 1, . . . , n, where lum(α) denotes the length
of α in um.
Lemma 11 Let Sα and Sβ be two different strata in XF such that Sα ∩ Sβ 6= ∅. Let (un)n∈N
and (vn)n∈N be sequences in Sα and Sβ, respectively, such that d(un, vn) → 0 as n → ∞. Then
d(un, Sαβ)→ 0 and d(vn, Sαβ)→ 0 as n→∞.
Proof Suppose, for contradiction, that the result is not true. Let Γ be the mapping class group
of Σ0,5. Since the action of Γ on X is cocompact there is a compact subset Z of X and a sequence
(γn)n∈N in Γ such that γn(un) ∈ Z for all n ∈ N. Note that d(un, vn)→ 0 as n→∞ if and only if
d(γn(un), γn(vn))→ 0 as n→∞, since Γ acts isometrically on X and therefore d(γn(un), γn(vn)) =
d(un, vn) for all n ∈ N. We replace un and vn by γn(un) and γn(vn), respectively; abusing notation
we denote the new points by un and vn again. Then, up to extracting a subsequence, we get that the
sequence (un)n∈N converges to a point u0 ∈ X, since Z is compact. Since un ∈ Sα, then lun(α) = 0
for all n ∈ N. Similarly, we have that lvn(β) = 0 for all n. From the remark above and since
d(un, Sαβ) > K for infinitely many n, it follows that there must exist a constant L = L(K) > 0
such that lun(β) > L, for infinitely many n ∈ N. Therefore, for the simple closed curve β we have
that lun(β) > L > 0 and lvn(β) = 0, for infinitely many n, which is impossible since we know from
the hypotheses that d(un, vn)→ 0 as n→∞ ♦
As a trivial consequence, we get the following corollary:
Corollary 12 Given r > 0 and a stratum of the form Sαβ, let B(r) = B(Sαβ, r) be the ball of radius
r around Sαβ. Then, there exists D = D(r) > 0 such that d(u, v) > D, for all u ∈ Sα \ (B(r)∩Sα)
and v ∈ Sβ \ (B(r) ∩ Sβ).
Proof [of Theorem 1]
Suppose, for contradiction, that X is not Gromov hyperbolic. Since X is a CAT(0) space, we
can construct a sequence of maps (φn : D → X)n∈N as described in the previous section. Using
the structure of X as a stratified space, there is a stratum S ⊆ X such that φn(D) ⊆ S (note that
S may have label ∅, so that S = X. Also, S cannot have a pants decomposition as label, since
recall that such a stratum consists of only one point). The stratum S corresponds to the Weil-
Petersson Teichmu¨ller space of a properly embedded hyperbolic subsurface ΣS ⊆ Σ0,5 (possibly
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with ΣS = Σ0,5). Let Γ0 be the mapping class group of ΣS, and recall that Γ0 acts cocompactly
on S. We will denote S \ S by SF . We now have two possibilities:
(a) There exists a point x0 ∈ D and a constant δ = δ(x0) such that d(φn(x0), SF ) > δ, for
infinitely many n ∈ N. We can assume, up to passing to X/Γ0 and lifting back, that the sequence
(φn(x0))n∈N converges to a point w ∈ S, since the action of Γ0 on S is cocompact.
Notation. We will write De(a, r) to denote the euclidean disc in E
2 with centre a and radius r.
Consider De(x0, η) , where η = min(δ/4, 1 − de(0, x0)). Then,
d(φn(x), SF ) ≥ d(φn(x0), SF )− d(φn(x), phin(x0)) ≥ δ − 2η ≥ δ/2 > 0,
for all x ∈ De(x0, η). So, d(φn(De(x0, η), SF ) > δ/2, for all n ∈ N. Since S is locally compact,
the maps φn converge (maybe after passing to a subsequence) on De(x0, η) to a map φ. Therefore,
φ(De(x0, η)) is a copy of a euclidean disc in S, which is impossible since all its sectional curvatures
are strictly negative.
(b) Otherwise, for all x ∈ D, d(φn(x), SF )→ 0 as n→∞. Again we can assume (up to the action
of Γ) that φn(0)→ w
′ as n→∞, for some w′ ∈ SF .
Remark. One of the consequences of the Collar Lemma is that if α and β are intersecting curves
on a hyperbolic surface Σ, then their lengths cannot be very small simultaneously. In the light of
this result, it is possible to show (see [Wo], Corollary 22) that there exists a constant k0 = k0(Σ)
such that two strata S1, S2 ⊆ T WP (Σ) \ T WP (Σ) either have intersecting closures or they satisfy
d(S1, S2) ≥ k0.
Let k0 = k0(ΣS) be the constant given in the remark above and consider the maps φn restricted
to De(0, k0/3). We may as well assume that k0 ≤ 1 (if not, take k
′
0 = min{1, k0}). Also from the
remark above, we deduce that S must have label ∅. Otherwise, if S had label α, for some simple
closed curve α, the fact that d(φn(x), SF ) → 0 as n → ∞, for all x ∈ De(0, k0/3) would imply
that there exists a curve β in Σ0,5, disjoint from α, such that d(φn(x), Sαβ)→ 0 as n→∞, for all
x ∈ De(0, k0/3). But we know that a stratum of the form Sαβ consists of only one point, which
contradicts the construction of the maps φn since we know that the maps φn contract distances by
a factor λn at most. Thus we assume, from now on, that S has label ∅ and so S = X and SF = XF .
We observe that, given u ∈ XF , there are at most two non-trivial strata, say Sα and Sβ, in XF
such that u ∈ Sα ∩ Sβ . These strata correspond to two (possibly equal) simple closed curves on
the surface on which u has nodes. Note that in the case when there are exactly two strata, we get
that {u} = Sα ∩ Sβ. So we deduce that d(φn(x), Sα ∩ Sβ)→ 0 as n→∞, for all x ∈ De(0, k0/3).
Our next aim is to show that there exists x1 ∈ De(0, k0/3) and k1 = k1(x1) > 0, with k1 ≤ k0/3,
so that the images under φn of the points in De(x1, k1) get uniformly arbitrarily close to the same
stratum as n→∞. Using this result, we will be able to define a distance non-decreasing projection
from De(x1, k1) to the closure of that particular stratum.
Suppose that φn(0) → w
′ ∈ Sα \ Sαβ as n → ∞. In particular, there exists r > 0 such that,
maybe considering a subsequence, d(φn(0), Sαβ) > r, say. Let D = D(r) be the constant given
in Corollary 4 and consider De(0, k), where k = min(D/3, k0/3). We claim that we can take
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(x1, k1) to be (0, k). Suppose, for contradiction, that the images of De(0, k) do not get uniformly
arbitrarily close to Sα; that is, there exists K0 > 0, a subsequence (φm)m∈N ⊆ (φn)n∈N and points
um ∈ φm(De(0, k)) such that d(um, Sα) ≥ K0 for all m ∈ N. We know that, for all m ∈ N,
um = φm(xm) for some xm ∈ De(0, k) and thus, up to a subsequence, xm → y ∈ De(0, k).
From the construction of the maps φn we have that d(um, φm(y)) → 0 as n → ∞. Therefore,
d(um, Sα ∪ Sβ) → 0 as m → ∞ and thus d(um, Sβ) → 0, since we know that d(um, Sα) ≥ K0 for
all m. This represents a contradiction since d(um, φm(0)) ≤ D/3, the points um, and φm(0) lie in
X \B(r), for all m ∈ N, but d(Sα \ (B(r) ∩ Sα), Sβ \ (B(r) ∩ Sα)) > D.
The case φn(0) → w
′ ∈ Sαβ as n → ∞ is dealt with in complete analogy, considering x1 to be
any point in De(0, k0/3) \ {0} and and defining k1 in a similar way as we did above.
Since X is a CAT(0) space and Sα is complete and convex we can consider the orthogonal
projection π : X → Sα as defined in Theorem 6. Recall that this projection is distance non-
increasing; in particular, for all x, y ∈ De(x1, k1) we have that
d(π(φn(x)), π(φn(y))) ≤ d(φn(x), φn(y)) ≤ de(x, y).
Choose a sequence (δm)m∈N of positive reals such that δm → 0 as m→∞. Up to a subsequence
we can assume that, given m ∈ N, d(φn(x), Sα) < δm, for n ≥ m and for all x ∈ De(x1, k1). We
have that
d(φn(x), φn(y)) ≤ d(φn(x), π(φn(x))) + d(φn(y), π(φn(y))) + d(π(φn(x)), π(φn(y))),
and thus, for all m ∈ N,
d(π(φm(x)), π(φm(y))) ≥ d(φm(x), φm(y)) − 2δm ≥ λmde(x, y)− 2δm,
Let ψn = π ◦ φn : De(x1, k1) → Sα. Then exists a sequence (λ
′
n)n∈N of positive real numbers
tending to 1 (we could simply take λ′n = λn − 2δn, since k1 < 1 and therefore 2δn < 2δnde(x, y) for
all x, y ∈ De(x1, k1)) so that
λ′nde(x, y) ≤ d(ψn(x), ψn(y)) ≤ de(x, y).
We are now back to the situation described at the beginning of Section 2, this time in a stratum
of the form Sα. Reasoning in a totally analogous way to cases (a) and (b) we get that either
we can find an isometrically embedded copy of a euclidean disc in X or else the maps φn collapse
De(x1, k1) to a point in X, which is impossible since we know that φn decreases distances by a
factor lambdan. In any case, we get a contradiction
Therefore X is Gromov hyperbolic, as desired. ♦
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